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• It is a “solution” of 1d–cubic NLS
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(NLS)
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• It has a geometrical meaning:
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Schrödinger map
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• (NL) Talbot e↵ect:
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• Intermittency
<latexit sha1_base64="hYFZ3YXj+GCDnrPHRjIjKr7Ovgw="></latexit>

• Multifractality
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Turbulence
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PDE’ problem
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• NLS
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• NLS =) SM: Linear system
<latexit sha1_base64="Plmuas8W3whwMRWTvy4CG3BQG+U="></latexit>

• SM =) BF: ODF. One trajectory:
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• Selfsimilar solution SM and BF
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Coherent Structure
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Riemann‘s non di↵erentiable function
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We consider the IVP
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Vortex Filament Equation (VFE)
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Schrödinger Map (SM) onto S2
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• Hasimoto transformation:

<latexit sha1_base64="QTovzQa0xTxug0k5QpxQM6jCMfI="></latexit>

@tu = i
�
@2
xu±

�
|u|2 �M(t)

�
u
�

M(t) 2 R
u(x, 0) = u0(x) x 2 R



<latexit sha1_base64="efKed2EJYtuCoTCWFZ3bX1RRbcI="></latexit>

• Data at the critical level of regularity:
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(i) Scaling invariance:
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(ii) Galilean invariance:
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� > 0 u�(x, t) = �u(�x,�2t)
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⌫ 2 R u⌫(x, t) = e�it⌫2+i⌫xu(x� 2⌫t, t)
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In the free case
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What happens in the non–linear case?
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• Phase blow up (BLTV, 2023):
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<latexit sha1_base64="uV0XnmMdK5nXL03RjVjNcDbI024="></latexit>

!(⇠, t) = eit⇠
2bu(⇠, t) is also (formally) periodic
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We define
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Moreover
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u0 is the scattering data (i.e. V ⇠ ? t ! 1).
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• Remark:

<latexit sha1_base64="Da2BEWLZFSIy/ckw4aI2zSGlUuI="></latexit>

• There is a singularity at t = 0 . Hence a very

natural question is if u can be continued for t  0.

<latexit sha1_base64="LIJasWTMEr1Vu/mzq3Ejdl513rY="></latexit>

• The phase loss problem: Bourgain, Merle.
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Example 1
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Then the solution is
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V (⇠, t) = a
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• Remark:
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• Remark:
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IVP u0 = a� is ill–posed
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(KPV 2001)
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V (1) = a
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Example 2
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(Banica–V. 2008–2013)
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Corollary eit⇠
2bu(⇠, t)�a is not zero at infinity. There is a cascade

to large frequencies for t ! 0.
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a 2 R : V = a+ z with z small with respect to a .
Then, there exists a unique solution for t � 1 for z(1) in a nice
space (i.e. C1

0 (R)).
Generically Z 1

�1
z(⇠, t)d⇠ = c lg t c 6= 0
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The periodic case

<latexit sha1_base64="tK5g9rkz8DpR+4s54mPUBsJWyys="></latexit>
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Aj(t) = eit
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4 Bj(1/t)
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Aj(0) = aj
<latexit sha1_base64="yrJ+aUe5izIvVzE5RCj+9W5uPvk="></latexit>

?
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The two conservation laws

<latexit sha1_base64="53+82zp/4cU1C5kNmrSL+oS5qQo="></latexit>

(1)

<latexit sha1_base64="KRBqrEV5UehnziApHM4KnmP6hzk="></latexit>

(2)
<latexit sha1_base64="ssfQTP0Im4JCPeIdXTcK7Qk5q0o="></latexit>

If aj+M = aj for some M , then

<latexit sha1_base64="4JWR6X+wDX/a8oPNvwe1PB6m218="></latexit>

m =
X

j=1

|aj |2 ; l2–condition.

<latexit sha1_base64="f9pqytuzlmEGelTAiJB0uHCL4+c="></latexit>

m =
MX

j=1

|aj |2 is constant for t > 0 ; l1–condition.

<latexit sha1_base64="cU48ah8f1hSH23bh4ZM33kOHz18="></latexit>

m =

Z 2⇡

0
|V (⇠, t)|2d⇠ is constant for t > 0.
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For VFE at t = 0

<latexit sha1_base64="sYEZMYo/4f2U1jBcot+wwQZ7IhA="></latexit>

(1) Open polygonal lines

<latexit sha1_base64="uy7+BR0Z5tkyvBE4E8iIPnrFseI="></latexit>

(2) For properly choices of “aj”:

<latexit sha1_base64="0m/P/IQdJ+swhifyR/oBPB/3cC0="></latexit>

• The curves are not necessarily planar because aj = ⇢jei⌧j

<latexit sha1_base64="wNZVRSHm96aPFlOBBv9E+xYo1ec="></latexit>

⇢j : the angle between two segments.

<latexit sha1_base64="4bFRo/Bvo5W/yLz8SUqSEUVLrkU="></latexit>

⌧j : the torsion (angle between two consecutive
planes.)

<latexit sha1_base64="WCWJ+D23+m7Fc7JbcB88aB5Ql94="></latexit>

Closed polygons
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Theorems

<latexit sha1_base64="53+82zp/4cU1C5kNmrSL+oS5qQo="></latexit>

(1)
<latexit sha1_base64="cxgyDTfzIuXazW81IS2SeMAEGBs="></latexit>

aj 2 l1 : No smallness

<latexit sha1_base64="t6p7Od0oxSqHj1iBdOKKN6FeC0s="></latexit>

Global existence if
P
j
j2|aj |2 < +1

<latexit sha1_base64="PqPQOmvLJStguvjFefoU6UeoNMk="></latexit>

(BV 2019)

<latexit sha1_base64="AKkjERq3muN9gFT+NPExYwCaomY="></latexit>

Local time of existence can be big.

<latexit sha1_base64="QCfuVnTlfJZsM5zaIkEeCsEijPw="></latexit>

Particular relevant example:

<latexit sha1_base64="eigzZvrvJwBysHpumYZ9saqaM0U="></latexit>

aj = 1 for |j|  N

<latexit sha1_base64="CyI47UsxcSHmXNVfnzIoZT9rANw="></latexit>

VFE: Riemann’s non–di↵erential function

<latexit sha1_base64="tPDdNKkZHxPrOhHHGKEVYq1kZPU="></latexit>

Multifractal formalism Frisch–Parisi

<latexit sha1_base64="xwvCUFCTxj6XYRQecw6+erdFLA4="></latexit>

(First iterate is “small”)



<latexit sha1_base64="KRBqrEV5UehnziApHM4KnmP6hzk="></latexit>

(2)

<latexit sha1_base64="Kw7FWinVMTn/qT4Wj/OOMIDG4Zw="></latexit>

(3)

<latexit sha1_base64="ws60n5kewXUJA3P5rb95yugO3Ek="></latexit>

(4)

<latexit sha1_base64="A4UTSvrek9rrUDLzyS1BKBttZ58="></latexit>

aj 2 lp p < 1
<latexit sha1_base64="+kOAkmVs3hD0RmEOKLVQv8wZdIQ="></latexit>

• kajklp small
<latexit sha1_base64="SBpxsBpezQeZW4v8bgegGWSEh8U="></latexit>

(Bravin–V. 2021)

<latexit sha1_base64="qKCmbLx84+reeA0fZyZd3MN3U3k="></latexit>

aj = a 8j explicit example

<latexit sha1_base64="H6b8pG72BnUfVO4+ELy8s2jlKKI="></latexit>

(Banica–Bravin–V. 2021)

<latexit sha1_base64="MmKGbHld1jm34QLjPDVVeYACi3A="></latexit>

(Regular polygons)

<latexit sha1_base64="OZu1uunEBN2KKYpYdc0WZstItjs="></latexit>

• Time of existence small

<latexit sha1_base64="tanbYE4Np4nVV99DTi1QE0EKq8E="></latexit>

• Tsutsumi, Bourgain, Vargas–V,

Christ–Colliander–Tao, Grunrock–

Herr, Killip–Visan, Koch–Tataru,

Kappeler

<latexit sha1_base64="F3tcN3w6UZRewo3Z2QmwzRo9Mxg="></latexit>

• aj 2 l2 kajkl1 small; global existence

<latexit sha1_base64="+i7yqWerGCG7aL1KqaUyQEmAHHA="></latexit>

• kajkH✏ ✏ > 0 Phase blow–up (BLTV, 2023)



<latexit sha1_base64="qq8m3OFHAxNbTE+P9ErvUyvk4Ig="></latexit>

Proofs

<latexit sha1_base64="n4aOmijQAOHUIIkCCNnHzUKq77w="></latexit>

• Ansatz

<latexit sha1_base64="QT9qxt++yiBl69pzVV2H53RnrVc="></latexit>

�j(t) = ei
|aj |

2

8⇡ lg t

<latexit sha1_base64="dPVA1dGEtaeu0xgg/UB0HOaorWw="></latexit>

• Infinite dynamical system for {Aj(t)}j ,

<latexit sha1_base64="7enQKRyq0LVQQvV1KLNjn2rODKE="></latexit>

Aj = aj +Rj(t)

<latexit sha1_base64="yVsctTLbN9S0poKb62q7wEcPBdo="></latexit>

Fixed point argument for {Rj(t)}j

<latexit sha1_base64="bkEgnwOOVZREVR0rztrAYdHyByE="></latexit>

• Right choice of M(t) =
m2

t

<latexit sha1_base64="PfPmwS6yxnq5R6u56EnGyN5kewI="></latexit>

u(x, t) =
P
j
Aj(t)ei�j(t)eit@

2
x�(x� j)



<latexit sha1_base64="g/AHxWitulbhV2vKP88vHbwBkSM="></latexit>

• Corollary The IVP for u at t = 0 is ill–posed.

<latexit sha1_base64="pWB8WbTa15pBEMB1I+7K6yJ4U14="></latexit>

Nevertheless there is a “unique” continuation for t < 0 if u is
understood as the “filament function” associated to VFE and SM.



<latexit sha1_base64="59ReyQk58KDpophVFSQstZl7g+M="></latexit>

Resonances and cascade of energy for T

<latexit sha1_base64="yNWt1pQQCV2ZDylPIFabtvptDIM="></latexit>

Tt = T ^ Txx

<latexit sha1_base64="P/mWOn854xQxuO4ouY2xNAe/6dU="></latexit>

Hence |Tx|2dx is a natural energy density.

<latexit sha1_base64="Qay1rideOeOpF3Xvbrbiixv4jsM="></latexit>

Moreover

<latexit sha1_base64="BhhhDEIL/q90U3aWg0fQA0fXAaA="></latexit>

The equation for T (SM) is

<latexit sha1_base64="wxZdNUtMoiImXp+N8wypxgoVeAw="></latexit>

@t|Tx|2 = @x(flux)

<latexit sha1_base64="7anN/XEsepiKwSE24YpsjpzBexU="></latexit>Z 2⇡

0
|V (⇠, t)|2d⇠ = lim

n!1

Z 2⇡(n+1)

2⇡n

��cTx(⇠, t)
��2d⇠



<latexit sha1_base64="ec3q4QDKnq9hF9QdTznZEd7xvB0="></latexit>

Theorem
<latexit sha1_base64="BiKhdo1E7/JSg9NFisUHKje2H2M="></latexit>

(BV 2021)

<latexit sha1_base64="0PrKKO9T+jus02fWuYlwn+PJ4qI="></latexit>

Assume ⇢
a�1 = a = a+1 a 6= 0

aj = 0 otherwise

<latexit sha1_base64="EqcLV9v+lY14y54X+6zgyGQXdjQ="></latexit>

• Colliander, Keel, Sta�lani, Takaoka, Tao 2010

<latexit sha1_base64="2ujpT4OOI3YLHBEHOkeBa1cYVw0="></latexit>

• Hani, Pausader, Tzvetkov,Visciglia 2015

<latexit sha1_base64="xwAI5leivrvLfZO/zzYx/eeZ858="></latexit>

Then there exists c > 0

sup
⇠

��cTx(⇠, t)
��2 � c| lg t| t > 0.



<latexit sha1_base64="V+sOZXQCY2arjsEr6zHeQkO9zF8="></latexit>

(T, e1, e2) orthonormal frame

<latexit sha1_base64="GyzhTk4O/PA1Loz1wSSDAlG3kJM="></latexit>

Tx = ↵e1 + �e2

e1x = �↵T

e2x = ��T

<latexit sha1_base64="iGNWkdWM2reFlVHX0idyaTsdx40="></latexit>

• This cascade can be understood associated to a linear problem.

<latexit sha1_base64="9PXxsr0xpvtI5AfmvMoyfk28Q9U="></latexit>

↵+ i� =
1p
t
ei

|x|2
4t V

✓
x

2t
,
1

t

◆
= u(x, t)

<latexit sha1_base64="OXuKn3sMdJ6H9L9US9NiwKaTfKk="></latexit>

↵x + i�x = ux = i
x

2t
u+ “small”

<latexit sha1_base64="tYIWqI8lyDu3lwCuDLki8Biel/0="></latexit>

(Chevillard et al. 2021)

<latexit sha1_base64="Z5TsE0WnFupmeBTqi2ZtOaFVxyw="></latexit>

Tt = � �xe1 + ↵xe2

e1t = �↵xT + (|u|2 �M(t))e2

e2t = ��xT � (|u|2 �M(t))e1
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