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• “Theorem” (V. Banica, R. Luca, N. Tzvetkov, LV)
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4 u(x, 1) is 4⇡–periodic in H
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then u(x, t) “blows up” at t = 0.

<latexit sha1_base64="FMhJvhtcIOmzewFmM/xjp5j+4cY="></latexit>

• Nevertheless, u can be continued for t  0 as a “geometric”
solution.
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(ii) If

e
i⇠2bu(⇠, 1) is 2⇡–periodic in H

0+(T)
then u(x, t) “blows up” at t = 0.
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• Ozawa’s (long range) scattering result
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Take f�(⇠) = f(�⇠), the corresponding solution con-

verges at least formally to Ea with a =
1R

�1
f̌(x)dx

when � # 0.
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solves NLS with R(x, t) ! 0 when t ! 1.
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gives the leading profile.



<latexit sha1_base64="FKaPY+V0zN+wpfmtN7/rlVDc9PU="></latexit>

(ii)

<latexit sha1_base64="7jHjZorqQLoPSh1CS7E7/mbebC0="></latexit>

Observe that

<latexit sha1_base64="klSBabbSLHf2j+9kBix5wQGB8vg="></latexit>

1

2⇡

X

j

e�4⇡2itj2+2⇡ijx = eit@
2
x

X

j

�(x� j)

<latexit sha1_base64="rLXHkW6DQgeP9cI+VdjYbhPwSvs="></latexit>

=
X

j

1p
it
ei

(x�j)2

4t

<latexit sha1_base64="sPrzs63KU05xdtLav5h2Umv2kfw="></latexit>

=
1p
it
ei

|x|2
4t

X
e�i x

2t jei
j2

4t .

<latexit sha1_base64="aWynTd5gDKZOmB55FuA0LNPuOdc="></latexit>

DcM = cM
1P

j=�1
e�itj2+ijxei�cM

(t)

<latexit sha1_base64="alE9f7mFJ6tf9Q80Vr0CTUBRDLU="></latexit>

Hence at t = 1

<latexit sha1_base64="f9evoHUegB8ESQE4cDX8mKYrW80="></latexit>

�cM = c2M

0

@ lg t

4⇡
+

1Z

t

X

m 6=0

#r(m)e�im⌧ d⌧

4⇡⌧

1

A .

<latexit sha1_base64="z//aJQK3j/XLx5g7Vr/4XSfjIXM="></latexit>

2⇡

cM
e�i |x|2

4 DcM (2⇡x, 4⇡2) =
X

j

e�i x
2 j+i j2

4 .

<latexit sha1_base64="MV2nGq10uIC8KK4zaAICIhMTddY="></latexit>

(Banica�Bravin�V)



<latexit sha1_base64="UPkAsJJOWKjzsREn8rFou8++LUA="></latexit>

• u(x, t) =
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Hence the “Theorem” is a result that interpolates example (i) and
example (ii)
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Theorem For initial data

u0(x) = e
i
x2

4 f(x),

at time t = 1, with f a periodic function in H
s(0, 4⇡) and s 2 (0, 1

2 ) there exists a
unique solution of the 1D cubic NLS equation that blows up in finite time in the
following sense: the solution belongs for t 2 (0, 1] to the functional framework

w(t, ⇠) := e
it⇠

2

û(t, ⇠) is 2⇡-periodic,

w 2 C
�
(0, 1];Hs(T)

�
, and falls out of this framework at t = 0. More precisely, if

Aj(t) are the Fourier coe�cients of w(t), then
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k{Aj(t)}j2Zkl2.s  C(kfkHs(0,4⇡)),

and there exists a sequence {aj}j2Z 2 l
2,s such that

|Aj(t)� e
i(|aj |2�2kfk2

L2(0,4⇡)
) log t

aj |  C(kfkHs(0,4⇡)) t, 8j 2 Z, t 2 (0, 1).

Finally the solution can be written as

u(t, x) =
X

j2Z
Aj(t)

e
i
(x�j)2

4t

p
t

=
1p
t
e
i
|x|2
4t v

✓
x

t
,
1

t

◆
.



<latexit sha1_base64="pE31IzXVAfSqf2v56MF5K8Eq3bk="></latexit>

Hence the “Theorem” is a result that interpolates example (i) and
example (ii)
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• aj 2 lp p < +1 at least assuming smallness.
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(Bravin�V)
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Observe that for solutions of the free Schrödinger equation

iut + uxx = 0,

it is immediate to see that if ei⇠
2bu(1, ⇠) is 2⇡�periodic then eit⇠

2bu(t, ⇠) is also

2⇡�periodic, for every t 2 R. In fact

eit⇠
2

bu(t, ⇠) = bu0(⇠) =
X

k2Z
ake

ik⇠.
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It is not so obvious that the periodicity of

w(t, ⇠) := eit⇠
2

bu(t, ⇠),

holds, at least formally, for solutions of the nonlinear problem. However let us

notice that the equation for ! is:

wt(⌘, t) =
i

8⇡3
e�it⌘2

Z
eit(⇠

2
1�⇠22+(⌘�⇠1+⇠2)

2)w(⇠1, t)w̄(⇠2, t)w(⌘ � ⇠1 + ⇠2, t) d⇠1d⇠2.

The phase can be factorized as (⇠1�⇠2)(⇠1�⌘), so it is invariant under translations.

Thus the equation of ! is compatible with periodicity; the solutions we construct

are in this framework.
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Previous Results
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The related systems
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A(t) 2 R (Gauge invariance).
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• The geometric structure implies that the singularities of u
are “harmless” and the solution can be continued as a geo-
metric object.
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• There is however a blow up of the frame of the normal plane
N(x, t) = (e1 + ie2)(x, t).
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• The selfsimilar solutions associated to Ea are crucial in this
step:
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The selfsimilar solutions associated to Ea are crucial in this step:
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The matching problem: complete integrability.
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Resonances and cascade of energy for T
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The equation for T (SM) is
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Tt = T ^ Txx

<latexit sha1_base64="E9/h6I+OE8elziDVkWhAxTXUa/Q="></latexit>

Hence |Tx|2dx is a natural energy density.

<latexit sha1_base64="/u9N2b06htctWXBJbyGcXoP7+wo="></latexit>

Moreover



<latexit sha1_base64="K9DxuEPPddCikP9/q+5oEsD5SuM="></latexit>

Then there exists c > 0

sup
⇠

��cTx(⇠, t)
��2 � c| lg t| t > 0.

<latexit sha1_base64="AC09lc8fSPbxJBUsHsapxj4RdsQ="></latexit>

Theorem
<latexit sha1_base64="4SxhLsr6eHXzcB0LTM04D6J9qjY="></latexit>

Assume ⇢
a�1 = a = a+1 a 6= 0

aj = 0 otherwise

<latexit sha1_base64="Z8bg7ByVboIRng5X414HfLohhPg="></latexit>

(Banica – V 2021)

<latexit sha1_base64="qc8Pocde7xDGHBjnJA86A3rLEXg="></latexit>

• Colliander – Keel – Sta�lani – Takaoka – Tao

<latexit sha1_base64="DpbqJ8N6xes3Gz/npmFcsqNenNQ="></latexit>

• Hani – Pausader – Tzvetkov – Visciglia



<latexit sha1_base64="zQX3QBFJs5iFaNCEM3ZSLR0n4xQ="></latexit>

• This cascade can be understood associated to a linear problem.

<latexit sha1_base64="EGrwWGboaavMV36mpTejM0j3irY="></latexit>

(T, e1, e2) orthonormal frame

<latexit sha1_base64="zwxVVZk9RopdXsJqcZ6JAfExgGg="></latexit>

Tx = ↵e1 + �e2

e1x = �↵T

e2x = ��T

<latexit sha1_base64="odpMmTRsugksqo2Ep4F1/7K+PvY="></latexit>

↵+ i� =
1p
t
ei

|x|2
4t v

✓
x

2t
,
1

t

◆
= u(x, t)

<latexit sha1_base64="tVDpxYN+c4El27L5daTPEjmlE3M="></latexit>

(Chevillard et al.)

<latexit sha1_base64="n3XpjkhPtgf0oWTiIa1Zvm/Uxoc="></latexit>

Tt = � �xe1 + ↵xe2

e1t = �xT + (|u|2 �M(t))e2

e2t = �↵xT � (|u|2 �M(t))e1



<latexit sha1_base64="LB1hRwgZIW4xs89mAt+uFFMuWtc="></latexit>

About the proof

<latexit sha1_base64="gwX+rfLPGaFzwCY0URtVRZFMQkM="></latexit>

N '
p
t
X

ar
i

x� r
ei

(x�r)2

4t T (x, 0) if x� r >
p
t

<latexit sha1_base64="WHbUrdHw3Q/r78p+Fju7Hg2kWII="></latexit>

Tx '
X

j,r

ajar
i

x� r
ei

x(r�j)
2t T (r, 0) for

1

2
> x� r >

p
t

<latexit sha1_base64="nP/BIH54V14Yv3pMD+vWh9ttgKI="></latexit>

Tx = ReuN

<latexit sha1_base64="3KS17ztIMnWo71aodPvXtY6xeP0="></latexit>

Nx = uT

<latexit sha1_base64="xm9Il4nclkxw7//00h/oBDGuCac="></latexit>

u =
1p
t
ei

|x|2
4t nice, T ⇠ T±1 x ! ±1, i

2t

x� r
@xu ⇠ u.
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Energy Transfer (with De la Hoz)
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