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The desingularization of the Biot-Savart integral
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One of the most fundamental elements in fluid mechanics are the
fluid filaments. These are structures around which vorticity ! tends
to concentrate. Their formation, structure, and evolution has been
a central theme since the early days of fluid dynamics and the main
results bear the names of Helmholtz, Lord Kelvin, Kirchho↵, etc.
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A vortex filament may be considered as a singular initial data for
the vorticity in the form

!(x, 0) =
�

2⇡
��T(s, 0)

where �� is the Dirac delta measure supported in the curve � and
T(s, 0) the tangent vector.
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1.- The Setting
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When a vortex filament is curved and its motion a↵ected by the
velocity field created by itself,

v = r⇥ ! r · v = 0,

one could in principle think of a closed-form equation to describe
the evolution of the filament with the velocity field given by the
Biot-Savart law applied to the vorticity.

v(x, t) =
1

4⇡

Z
!(x0, t)⇥ x� x0

|x� x0|3
dx0.
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This yields a singular integral and an infinite velocity field at the
filament. By replacing the zero-thickness filament by a filament of
radius ", the singularity is removed and the velocity is given by

v = � �

4⇡
(s, t)(log ")b(s, t) +O("0)
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• � is the velocity circulation around the vortex filament (or
vortex filament strength),
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• b(s, t) is the binormal vector.
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By neglecting the O("0) one introduces the celebrated localized
induction approximation (LIA) and to the so-called binormal flow
dynamics for the vortex filament (Da Rios in 1906)
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• (s, t) is the local curvature with s being the arc-length pa-
rameter,
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A natural question is then what is the later evolution of the fila-
ment according to Navier-Stokes equations and whether there is
a connection (or not) with the binormal flow. Although solutions
are smooth at later times (Giga and Miyakawa, 1989; � is suf-
ficiently small), one can expect them to be concentrated around a
curve at least for short enough times. What is the evolution
of such a curve? A natural candidate (joint work with M. A.
Fontelos) is the solution of the (normalized) binormal flow:

d�(s, t)

dt
= � �

4⇡
(s, t) log(⌫t)

1
2b(s, t)

where � is the vortex filament strength, (s, t) the local curvature
and b(s, t) the binormal vector.
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Using Frenet equations and after renormalizing the time we get the
binormal flow (BF/LIA)

�t = �s ⇥ �ss = b.
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3.- The binormal curvature flow
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Remember that �(t) is the (closed) curve at time t. Under suitable
smoothness conditions on �(0) we can find a tube of radius R
su�ciently small (R < min/2) around the filament �(t), and

define at any given time (cilindrical) coordinates (s, ⇢, ✓) for a point

x where

⇢ =
dist(x,�(t))

(⌫t)
1
2

,

the coordinate s is the arclength at which the minimum distance

between x and �(s, t) is achieved, and ✓ is such that

er · n(s, t) = cos ✓.

Here n is the normal vector and

er =
x� �(s, t)

|x� �(s, t)| , e✓ = T⇥ er.
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4.- NS: The Assymptotics
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We claim the following asymptotics
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Claim. Let �(s, 0) 2 C3. If �
⌫ is su�ciently small, then there exists

T > 0 such that for any given t < T , there exists R > 0 independent
of t and su�ciently small such that for any x with dist(x,�(s, t)) < R

2
the vorticity can be written as

!(x, t) =
1

(⌫t)

�

4⇡
e�

⇢2

4 T(s, t)� 1

(⌫t)
1
2

�

8⇡
⇢e�

⇢2

4 (cos ✓)T(s, t)

+
1

(⌫t)
1
2

⇣
⌦c(2)

1 (⇢) (cos ✓) + ⌦s(2)
1 (⇢) (sin ✓)

⌘
T(s, t)

+e!(x, t)

with ���⌦s,c(2)
1 (⇢)

���  C
�2

⌫
(⇢+ ⇢2)e�

⇢2

4

and

ke!k2L2 (t) + (⌫t)1�2�

Z T

0
(⌫t0)2��1 kre!k2L2 (t0)dt0  C(⌫t)1�2�

where 0 < � ⌧ 1.
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Desingularization of the Biot-Sarvat Integral
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Recall that the distance of a given point x 2 R3 to the filament
is uniquely well defined in a su�ciently small neighborhood of the
filament.

<latexit sha1_base64="kdJ/+WpGAR9mlRnTDCdZ4kR83ck="></latexit>

We introduce then the vortex tube

!0(x, t) =
1

(⌫t)
⌦0 (⇢) ⌘R(x)T ⇢ =

r

(⌫t)1/2
,

with

⌦0 (⇢) =
�

4⇡
e�

⇢2

4

V0 (⇢) =
�

2⇡

1

⇢

✓
1� e�

⇢2

4

◆
,

and ⌘R a cut o↵.



<latexit sha1_base64="8L44ZJLQS2MY4U+1RHhd4msNoVk="></latexit>

Lemma. Let !0(x, t) be as before. Assume in addition that the (closed) filament
is smooth. Then, the induced velocity field given by the Biot-Savart law is, in the
tube of radius R around the filament, given by

v0(⇢, ✓, s, t) =
1

(⌫t)
1
2

V0(⇢)e✓(s, t)

� �

4⇡
(s, t)

✓
log(⌫t)

1
2 +

1

2⇡
F (⇢)

◆
b(s, t) +O(1),

with F (⇢) a smooth function such that F (s) ⇠ 2⇡ log s, as s ! 1 and F (0) =
⇡(2 log 2� �) (� being Euler’s constant). At the center of the filament we have

v0(0, s, t) =
�

4⇡
(s, t)

✓
log(⌫t)�

1
2 +

1

2
(� � 2 log 2)

◆
b(s, t)

+v⇤
0(s, t) +O((⌫t)

1
2 log(⌫t))

with

v⇤
0(s, t) =

�

4⇡
lim
"!0

 Z

|s0�s|>"
T(s0, t)⇥ x(s, t)� x0(s0, t)

|x(s, t)� x0(s0, t)|3
ds

0 + (s, t)b(s, t) log "

!
.
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