Adaptivity in Finite Element Analysis: Models, Meshes and Polynomial Order

Integration of Ap-adaptivity with a Two Grid Solver:
Applications to Electromagnetics.

David Pardo

Supervisor: Leszek Demkowicz

Team: L. Demkowicz, D. Pardo, D. Xue, J. Kurtz, M. Paszynski, Ch. Larson

Collaborators: W. Rachowicz, A. Zdunek, L.E. Garcia-Castillo

September 8-10, 2003

Institute for Computational Engineering and Sciences (ICES)
The University of Texas at Austin




OVERVIEW

Overview.

Motivation.

Maxwell’s Equations.

The Fully Automatic hp-adaptive Strategy.

a &~ 0D E

A Two Grid Solver for Symmetric and Positive Definite
Problems.

6. A Two Grid Solver for Electromagnetics.
7. Numerical Results.
8. Conclusions and Future Work.

The University of Texas at Austin




08-10 September 2003 David Pardo

MOTIVATION

Radar Cross Section (RCS) Analysis

SURFACE WAVES MULTIPLE
F3L ECTIONS

WAVEGUIDE /@\>< O

MODES i
EDGE DIFRACTION

= lim, _ 4777“2@.
B

RCS:47TPower scattered.to receiver per 1.1nit solid angle
Incident power density

Goal: Determine the RCS of a plane.
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MAXWELL'S EQUATIONS

Time Harmonic Maxwell’s Equations:

VX E=—juwH
V x H = jweE + oE + J“mP

Reduced Wave Equation:

V x (iV X E) — (WP — jwo)E = —juJ ™
Boundary Conditions (BC):

e Dirichlet BC at a PEC surface:
nx E°=—nx E"™ nx E=0
e Neumann continuity BC at a material interface:

1 1 . 1 i
nx —VxE=-nx—-Vx E" nx -V xE=—jwld"
u u u

e Silver Muller radiation condition at oco:
e, X (V x E®) — jko x ES = O(r~?)
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MAXWELL'S EQUATIONS for Ap-FEM

Variational formulation

The reduced wave equation in €2,
1 . . o
VX |-VXE)— (v —jwo)E =—jw"™P,
7!

A variational formulation

Find E € Hp(curl; Q) such that

/1(VXE).(VxF)dm—/(w2e—jwo)E-de=
QM Q

—Jjw {/ JP . Fdx + Jfgmp . FdS} forall F € Hp(curl; Q) .
Q

r2
A regularized variational formulation (using Lagrange multipliers):
Find E € Hp(curl; Q),p € H(22) such that
1 - — —
/ —(V x E)(V x F)dz — / (w?€ — jwo)E - Fdx — / (w?e — jwo)Vp - Fdx =
QM Q Q
—jw {/ JP . Pdx +
Q

—/(wze—jwa)E-thd:cz—jw {/ JP . Vg dx +
Q Q

JEP. FdS} VF € Hp(curl; )
T2

Jime. qus} Vg € H5 ().

2
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MAXWELL'S EQUATIONS and hp-FEM

De Rham diagram

De Rham diagram is critical to the theory of FE
discretizations of Maxwell’s equations.

R—)WLQBVE L2 — o0

l[ia |m  |mem |mav P

A\ V X Vo

R — Wr — QpF — S5 VP —5 WPl 0.

This diagram relates two exact sequences of spaces, on both continuous and discrete levels, and
corresponding interpolation operators.
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hp-FINITE ELEMENTS

Exponential convergence rates
for a number of regular and SINGULAR problems

for optimal hp-grids
in the asymptotic range (theoretical and numerical results), and
in the pre-asymptotic range (numerical results).

Smaller dispersion (pollution) error

as p increases.

More geometrical details captured

as h decreases.
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hp-FINITE ELEMENTS

2Dhp90, 3Dhp90: main features
e Isoparametric triangles, squares and hexahedras.

e H!' and H(curl) dofs.

e Isotropic and anisotropic mesh refinements.

e Geometrical Modeling Package (GMP).

e New data structure in Fortran 90.

e Constrained information reconstructed (not stored).
e Two levels of logical operations:

1. operations for nodes - problem independent.
2. operations for nodal dof - problem dependent.

e Fully automatic hp-adaptive strategy.

—provides exponential convergence rates—

7
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Numerical Results

Orthotropic heat conduction example

k=5

~ I

Equation: V(KVu) = f)

K=K® = Ko
0o K@ Solution: unknown
K® = (25,7, 5, 0.2, 0.05) Boundary Conditions:
K{® = (25, 0.8, 0.0001, 0.2, 0.05) KOVu-n=g®» — a®y

21. SCALES: nrdof0.33, log(error)

nrdof
a5 I 278 860 [ 1946 13697 [ 6269 [ o822 14513 120502

N«

Convergence history Final hp grid
(tolerance error = 0.1 %)
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hp-FINITE ELEMENTS

ERROR IN THE RELATIVE ENERGY NORM (%)

Convergence comparison

Orthotropic heat conduction example

— h—-Adaptivity
—— A priori hp—adaptivity
hp—Adaptivity

8000 27000 64000 125000 216000 343000 512000
NUMBER OF DOF
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hp-FINITE ELEMENTS

David Pardo

Fully automatic hp-adaptive strategy

global hp-refinement

global hp-refinement —
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A Two Grid Solver for SPD problems

We seek x such that Ax = b. Consider the following iterative scheme:

rnt) — [T — o™ AS]r™
2+ = [ — o™ §]p®)

where S is a matrix, and (™ is a relaxation parameter. o™ optimal if:

(A_lfp(n), Sr(n))A
(Sr(), Sr() 4

o™ = arg min || ™) — x ||4=

Then, we define our two grid solver as:

1 lteration with § = Sp = > A;'  +
1 Iteration with S = S¢ = PA™ 'R
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A Two Grid Solver for Electromagnetics

We seek x such that Ax = b. Consider the following iterative scheme:

rtD) = [T — o™ AS]r™
2+ — [T — o S

where S is a matrix, and (™ is a relaxation parameter. a(™ optimal if:

(A~ 1r(™) §p) ,
(ST("), ST("))A

a™ =arg min || ™) — x ||4= (NOT COMPUTABLE)

Then, we define our two grid solver for Electromagnetics as:

1 Iteration with § = Sp = > A1 +
1 lteration with § = S 00 = >. B; ' +
1 Iteration with S = S = PA™ 'R
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Numerical Results

Orthotropic heat conduction example

k=5

~ I

Equation: V(KVu) = f)

K=K® = Ko
0o K@ Solution: unknown
K® = (25,7, 5, 0.2, 0.05) Boundary Conditions:
K{® = (25, 0.8, 0.0001, 0.2, 0.05) KOVu-n=g®» — a®y

21. SCALES: nrdof0.33, log(error)

nrdof
a5 I 278 860 [ 1946 13697 [ 6269 [ o822 14513 120502

N«

Convergence history Final hp grid
(tolerance error = 0.1 %)
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Numerical Results

Guiding automatic hp-refinements

Orthotropic heat conduction. Guiding hp-refinements with a partially converged

solution.
2 2 i
10 10 - 150
03 03 03
— 0 — 0l —u
0.01 0,01 0 0.01
< 000t . 00t 2 0001
Z, — Frontal Solver |~ > — Frontal Solver | £ 0
0 = <20
0 0 i
0 wu
g N\ z, E
m 4 o "
W = uw 0
> C > y
Eol E o 50
u o z W
L L L L L | 10_2 | 1 L L L | 00 é 1‘0 1‘5
015l e KI5 A0 To 05w M 155 200 UNBER OF DOF INTHEFNE GRD ¢

Energy error estimate Discretization error estimate Number of iterations
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Numerical Results

3D shock like solution example

U

Equation: —Au = f

Geometry: unit cube Solution: u = atan(20 * /1 — /3))

r=(xr—.25) % %24+ (y — .25) * %2 + (z — .25) * %2
Dirichlet Boundary Conditions

;
iy

W

)

RA A \ AT N

WY \X

11111

Convergence history Final hp grid
(tolerance error = 1%)
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Numerical Results

Performance of the two grid solver

3D shock like solution example

350 -
—— TOTAL TIME
PATCH INVERSION
MATRIX VECTOR MULTIPLICATION
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Numerical Results

Convergence history

3D shock like solution example.
Scales: ERROR VS TIME.

30

15} .

10 -

RELATIVE ERROR IN % (LOGARITHMIC SCALE)

1 1 1 1 1 1 1 1
5 10 19 32 52 80 119 172 243 336
TIME IN SECONDS (ALGEBRAIC SCALE)
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Numerical Results

Performance of the two grid solver
3D shock like solution problem

B PATCH INVERSION
B MATRIX VECTOR MULTIPLICATION
[ INTEGRATION

1 COARSE GRID SOLVE
B ASSEMBLING

Bl OTHER

33%

82%

Nrdofs =~ 2.15 Million Nrdofs =~ 0.27 Million Nrdofs =~ 2.15 Million
Total time =~ 8 minutes Total time =~ 10 minutes Total time ~ 50 minutes
Memory* = 1.0 Gb Memory* = 2.0 Gb Memory* = 3.5 Gb
p=2 p=38 p=4

*Memory = memory used by nonzero entries of stiffness matrix
In core computations, IBM Power4 1.3 Ghz processor.
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Numerical Results

Waveguide example

4

Module of Second Component of Magnetic Field

SCALES: nrdof0.33, log(error)

<

Convergence history Final hp-grid
(tolerance error = 0.5 %)
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Numerical Results

Guiding automatic hp-refinements

Waveguide example. Guiding hp-refinements with a partially converged solution.

o3 “r 03
o — 01
oo 0.01
i — Frontal Solver 2
10 -
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Discretization error estimate

Number of iterations




Conclusions and Future Work

AN EFFICIENT FULLY AUTOMATIC
HP-ADAPTIVE FINITE ELEMENT ADAPTIVE
PACKAGE FOR ELECTROMAGNETICS IS
POSSIBLE.

Future Work:
Parallelize the code.
Goal-oriented adaptivity.
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