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Euler equations

u: velocity field

ω = curlu = ∇ ∧ u : vorticity

divu = 0

u(P ) =
Γ

4π

� ∞

−∞

X(s)− P

|X(s)− P |3 ∧ T (s)ds

X = X(t, s) curve in R3 support of ω

ω = ΓTds T = Xs

Examples: straight lines, vortex rings, helical vortices
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Xt = Xs ∧ Xss = cb

Examples:

a) circle

b) straight line

c) helix

Remark.– Xs = T |T |2 = constant

• X = X(t, s) ∈ R3

• c = c(t, s) curvature

• b = b(t, s) binormal

BINORMAL FLOW (Vortex Filament Flow)
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Frenet equations:

T � = cn

n� = −cT + τb

b� = −τn

−s

2
cn = T ∧

�
c�n− c2T + cτb

�

c� = 0 c = a τ = s/2

X(t, s) =
√
tG

�
s/
√
t
�

T (t, s) = T
�
s/
√
t
�

SELF SIMILAR solutions

Tt = T ∧ Tss

Differentiating and making t = 1

−s

2
T � = T ∧ Tss

Buttke’88 6
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G�(s) = T
1

2
G− s

2
G� = ab

�
G

s

��
=

G�s−G

s2
= −2a

b

s2
|b| = 1

G

s
−→ A± s −→ ±∞

• X(1) = G is regular

• Q : A+ = A−?

NO

� +∞

−∞
eis

2+ia lg s ds

s
.

• X(t, s) =
√
tG

�
s/
√
t
�
: X(0, s) =

�
A+s s > 0

A−s s < 0

8



A+ = A− ? θ = angle
�
A+, A−�

G c = a τ = s/2

Lemma.– Let c and τ be the curvature and the torsion of a curve
in R3 with tangent T = (T1, T2, T3). Then

Tj = 1− |ηj |2 j = 1, 2, 3

for some ηj solution of

η��j +

�
iτ − c�

c

�
η�j +

c2

4
ηj = 0
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In our case

• η�� + i
s

2
η� +

a2

4
η = 0

• η(0) = 0 , η�(0) =
c0√
2

(Joint work with Gutierrez and Rivas)

• lim
s→∞

1− |η(s)|2 = sin
θ

2
= e−π a2

2

β(s) =

�
eisξ+iξ2 |ξ|−i a2

2
dξ

ξ
.
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There exist A±
a , E±

a

•
√
tGa

�
s/
√
t
�
= A±

a s+O

�√
t

s

�

• Ta

�
s/
√
t
�
= A±

a +O

�√
t

s

�

• (na − iba)
�
s/
√
t
�
= E±

a eis
2/4t+ia2 lg |s|√

t +O

�√
t

s

�

11



Hasimoto transformation:

In our case

ψ(t, s) = c(t, s)ei
� s
0 τ(t,s�)ds�

c = c(t, s) curvature

τ = τ(t, s) torsion

∂tψ(t, s) = i

�
∂2
sψ ± 1

2
(|ψ|2 +A(t)

�
ψ

�

� ∞

−∞
|ψ(t, s)|2ds =

� ∞

−∞
|ψ(0, s)|2ds =

� ∞

−∞
c2(0, s)ds

ψ(t, s) =
a√
t
ei

s2

4t ,

� ∞

−∞
|ψ|2ds = +∞.

SCHRÖDINGER EQUATION
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Q1 Solve (∗) for 0 < t < 1 for reasonable (small) �1.

(∗)






ψ(t) = i

�
ψss ±

1

2

�
|ψ|2 − |a|2

t

�
ψ

�

ψ(1, s) = aei
s2

4t + �1(s)

Q2 lim
t↓0

ψ(t, s) = ?

STABILITY / INSTABILITY (V. Banica)

The equations are time reversible
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−vt = i

�
vss ±

1

2t

�
|v|2 − |a|2

�
v

�

Particular solution Φa = aei
s2

4 va = a

v1 = a+ �

ψ1 = (a+ �)eis
2/4

ψ(t, s) =
ei

s2

4t

√
it
v

�
1

t
,
s

t

�
Conformal transformation
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E(t) =
1

2

�
|vs(t)|2 ds∓

1

4t

� �
|v(t)|2 − |a|2

�2
ds

d

dt
E(t) = ± 1

4t2

� �
|v|2 − |a|2

�2

RENORMALIZED ENERGY
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Asymptotic profile (Ozawa, Hayashi–Naumkin)

for any u+.

(∗∗)






−vt = i

�
vxx ± 1

2t

�
|v|2 − |a|2

�
v

�

v(t, x) = a+ �(t, x)

v1(t, x) = a+ e∓i a2

2 lg teit∆u+(x)

LONG RANGE SCATTERING (V. Banica)
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Hence

Q1 YES

Q2 NO:

Theorem 1.– Given 0 < γ < 1/4 and a > 0 there exists δ > 0
such that if

�v(·, 1)− a�Xγ < δ

then ∃!v solution of (∗∗) and u+ ∈ Xγ− with

(i) v − v1 ∈ C
�
[1,∞) : Xγ−

�
∩ Strichartz

(ii) �v − v1�L2 = O
�
t−1/4

�
.

Xγ =

�
f : �f�L2 +

���|ξ|2γ �f(ξ)
���
L∞(|ξ|≤1)

�

ψ(t, s) =
eis

2/4t

√
it

v

�
1

t
,
s

t

�

ψs �
s

2t

a√
it
eis

2/4t + eia
2 lg t∂s�u+(s)

=
a√
it
eis

2/4t + e−i a2

2 lg t�u+(s) + o(t)
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��(t, 0) =
� ∞

−∞
�(t, x)dx

i�t + �xx = ± 1

2t

�
|�+ a|2 − a2

�
(�+ a)

d

dt

�
|�+ a|2 − a2 = 0 ;

�
|�+ a|2 − a2 = C0

i��(t, 0) = ±aC0 lg t+

� t

1

1

τ
NL(�)dτ

Hence
����(t, 0)

�� ≥ a|C0|
2

lg t.
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Theorem 2.– Let X1(s) be the curve obtained from

ψ(1, s) = (a+ �1)e
is2/4.

Then, there exist a unique X(t, s) solution of the B.F. for 0 < t < 1
with X(1, s) = X1(s) and a unique X0(s) such that

sup
s

��X(t, s)−X0(s)
�� ≤ Ca

√
t.
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Moreover there exist T±, E±, T0(s), T0(0+), and T0(0−) such that

(i) T (t, s) = T± +O

�
1

s

�
, s → ±∞,

(ii) n− ib = E±eis
2/4t+ia2 lg |s|√

t +O

�
1

s

�
, s → ±∞,

(iii) For s �= 0 lim
t↓0

T (t, s) = T0(s)

(iv)

• lim
s→0±

T0(s) = T0(0±)

• T �
0(s) ∈ L2

• sin
θ

2
= e−π a2

2 +O
�
�v(·,−1)− a�

�

and θ the angle between T0(0+) and −T0(0−).
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About the proof

Ts = ReψE

Es = −ψT

Tt = ImψsE

• T+ − T (t, x) =

� ∞

x
Tsds

= Re

� ∞

x

e−is2/4t

√
t

(a+ �)

�
1

t
,
s

t

�
E(t, s)ds

+ integration by parts

+ growth of �J��L2 J = x+ 2it∂x
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• Fot Tt notice that the lg t correction of the phase of ψs and
E cancel each other.

• T0(x) = T+ + ImE+

� ∞

x
h(s)ds

+ Re

� ∞

x
h(s)

� ∞

x
h(s�)T0(s

�)ds�ds.

h(s) = �u+

�s
2

� i

sia2 .
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                            Conclusions



Theorem 3.– Assume in Theorem 2 the extra hypothesis that
�u+ ∈ Ḣ

−2, then there exist (T, n, b)(t, 0) such that

���(T, ñ, b̃)− (Ta, na, ba)
��� (t, 0) ≤ O (�v1 − a�)

with

• ñ+ ib̃ = e
iΦ/2(n+ ib)

•
a
2

t
+ Φ� = 2

�
cxx − cτ2

c

�
(t, 0) + c

2(t, 0)
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(Banica, V. ’07)



Proof. Fefferman–Stein & Tsutsumi

• Gustafson, Nakanishi, Tsai. (G-P.)

���∂x
��eit∂

2
xu0

��2
���
L2

=

����
��

|�u0(ξ)|2 |�u0(η)|2 |ξ − η|dξdη
����
1/2

.
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ATTENTION
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